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^«s^ j Abstract. I show that the cohomology of the generic points of algebraic complex varieties becomes stable 

■ birational invariant, when considered 'modulo the cohomology of the generic points of the affine spaces'. 

o: 
(n: 

^ I These notes are concerned with certain birational invariants of smooth algebraic varieties. All such invari- 
^ ■ ants are dominant sheaves, cf. below; the dominant sheaves are characterized in Proposition 11.71 
^ , Two classes of invariants are of special interest: (i) stable, i.e., taking the same values on a variety and 
' on its direct product with an affine space, and (ii) constant on the projective spaces. Though the latter 

• class is a priori wider, there are no known examples of non-stable invariants vanishing on the projective 
I— — il spaces. Here an attempt of comparison is made. Namely, it is shown that the corresponding adjoint functors 

• coincide on the following types of invariants: (i) of 'level 1', cf. Proposition 12.10] and also pJTSl (ii) 'related 
. to cohomology' (or to closed differential forms). 

Differential forms play a very special role in the story, cf. e.g. Conjecture 11.51 Moreover, all known 
examples of simple invariants (as objects of an abelian category) 'come from' differential forms: except for 
two invariants related to the multiplicative and the additive groups {Y i— >■ {k{Y)^ /k^)^ and Y i— > k{Y)/k, 
I ^ i ' the logarithmic and the exact differentials, cf. below), they are values of the functor from §1.31 For these 

■ reasons the differential forms are studied in detail. It is shown in Corollary 12.81 that the cohomology of the 
] generic points of algebraic (complex) varieties becomes stable birational invariant, when considered 'modulo 

QQ ■ the cohomology of the generic points of the affine spaces'. 

. The principal new results of ^ are Propositions 13.31 and 13.71 It is shown in Proposition 13.31 that (i) the 
] quotient V of the sheaf of algebras of closed differential forms by the ideal generated by the exact 1-forms 
and the logarithmic differentials is stable and (ii) V* is the maximal stable quotient of the sheaf of closed 
] differential forms. Proposition 13.71 gives a complete description of the sheaf of closed 1-forms. 
' Depending on what is more convenient, we shall consider our 'invariants' either as dominant sheaves, or 
as representations, cf. ^2.51 E.g., the simplicity is more natural in the context of representations. 

1. Dominant presheaves and sheaves 



in 

o 
o 



^' 

d ' Notations. From now on we fix an algebraically closed field k of characteristic zero, and denote hy E a 
variable coefficient field of characteristic zero. Denote by Vec^; the category of i?- vector spaces. 

I am interested in birational invariants of (or "presheaves on") /c-varieties. More precisely, let be 
the category, whose objects are smooth /c-varieties and the morphisms are smooth /c-morphisms. Define the 
pretopology on by saying that the covers are dominant morphisms. Recall, that a presheaf is a sheaf if 
the following diagram is an equalizer for any covering Y ^ X: 

(1) T{X) ^TiY)^TiY xxY). 

The category of the sheaves of vector spaces on this site is denoted by SmdE) and Siqg '■= SmciQ)- 
Example. For each irreducible smooth A;- variety X and integer < g < dimX let ^x,q '■ Y '-^ Z'^{k{X) (8)fc 
k{Y))Q (Q-linear combinations of irreducible subvarieties on X y of codimension q dominant over X and 
Y.) This is a sheaf. Set '■= ^x.dimX- The sheaves for all X form a system of generators of iSm^j. 
Definition. 1. A presheaf J- is A^-invariant (or stable) if J~{X) — > J-{X x A^) for all X. 
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2. Let iS be a collection of dominant morphisms in Sm'^ with connected fibres. Assume that S is stable 
under base changes of its arbitrary element by itself: pr^^ : X Xy X — )• X belongs to 5 if X —t- y belongs to 
S. A presheaf J- is called an iS-presheaf if J-{Y) — ^ -^{^) foi" -^Y)^S. 

Denote by Suiq the full subcategory in Smc consisting of 5-sheaves. More particularly, denote by Xq the 
full subcategory in Svug consisting of A^-invariant sheaves. Under assumptions of ^1.21 Suiq C Xg. 

For any dominant presheaf J-" denote by T_ its dominant sheafification. 

For each smooth /c-variety Y , we denote by y a smooth compactification of Y . 



1.1. Examples of A^-invariant presheaves. In this section we consider some examples of dominant 
presheaves with values in various abelian categories. They come either from algebro-geometric construc- 
tions, or from a cohomology theory H* (with coefficients in a commutative Q-algebra B). As Example 5 
suggests, those of these examples that are A^-invariant sheaves, are related. This is one of motivations for 
Conjecture 11.41 

An effective pure motive is a pair consisting of a smooth projective variety and a projector in the algebra 
of correspondences modulo numerical equivalence. Morphisms of co(ntra)variant pure motives are defined 
by correspondences modulo numerical equivalence so that they behave as action on the (co)homology. 

Denote by Al^ the category of covariant pure A;- motives (and by M'^ its opposite, the category of con- 
travariant pure A;- motives). By a well-known result of U.Jannsen, these two categories are abelian and 
semisimple. A simple effective pure motive is called primitive if it is "not divisible by the Lefschetz motive", 
the motive (P^,7r), where vr induces on the 0-th and the identity on the second (co)homology. 

— prim — 

Denote by Y the sum in the motive of Y of all its primitive submotives; CH'^ is the (Chow) group of 
codimension q cycles modulo rational equivalence. We also use notations and identifications of §2.31 
Invariant of a connected Y (dominant presheaf) Values stable 

1 Kq(Y)Q for q >0/ its sheafification Vccq yes/only for q = 

2 H'^(Y) for g > 0/ its sheafification B-mod yes/only for g = 

3 r(y, rji^l^) / its sheafification r((^^ r2]^j^), cf. Remark on p JT2] Vec^ yes/no 

4 ^^CH'^{X Xfc A:(y))(Q for a smooth X and a "universal" filtration $* on the Chow groups 
(e.g., A{k(Y))([^ for an abelian A;-variety A) Vccq yes 

g yprim _ y^f™ (multiplicity-one sheaf, by Proposition II. 3p ■^°k 



6 Z^''^^{F®kk{Y))Q Sm""^ 



no 



7 Z«(y Xfe F)q for g > / its sheafification Z«(F ®k fc(^))<Q Suiq only for g = 
(a) composition with the evaluation functor on X, i.e., ^x,<j VecQ only for g = 

8 Ck(Y) ■■= '^^x, cf. iL2l (and its quotient CHo(Yf)q) X^ yes 

(a) composition with iionig^op{H_'^, —): 

Hi{Y) /N^ =: H^^{Y) for any g > (subsheaf of the sheaf H'') B-mod _ yes 

(a') A; = C: the image in ^^"^(-(C); Q)(y) of the maximal Hodge substructure of i?^«(y(C), Q) in 

F^, cf. ^ p JT2l (its vanishing is equivalent to the Hodge's conjecture) VecQ yes 

(b) composition with Yiova.g^°p{^*p^j,,—): 

r(y, ^^1^) (subsheaf of the sheaf ^) Vec^ yes 

Except for r(y, (^^_ r2i^|^), all these invariants have Galois descent property. Except for Z'^iY x^. F)q 

for g > 0, Kq{Y)Q for q > and H'^iY) for g > 0, all these invariants are birational. (X^ in example 8 (a) 
denotes the first term of the coniveau filtration on H* .) 

Some of the above presheaves are defined using a compactification Y . To show that each of such presheaves 
is in fact well-defined (and therefore, birationally invariant), one can use the facts that (i) any birational map 
is a composition of blow-ups and blow-downs with smooth centres, cf. [1], and (ii) the cohomology (resp., 
motive) of a blow-up is the direct sum of the cohomology of the original variety and of the Gysin image 
(resp., Tate twist) of the cohomology (resp., motive) of the subvariety which is blown up. Such a presheaf is 
A^-invariant, since the cohomology (resp., motive) of the product of a proper variety X with the projective 
line is the direct sum of the pull-back of the cohomology (resp., motive) of X and of the Gysin image (resp., 
Tate twist) of the cohomology (resp., motive) of X x {0} = X. 



To conclude that a birational A^-invariant presheaf is a sheaf, one checks that it has the Galois descent 
property, so Proposition 11.71 can be applied. 

Lemma 1.1. For an arbitrary commutative k-group A, let nf be the presheaf Y ^ 0^gyo(^(fc(?/))M(A;))Q. 
Then T-if is a sheaf; it is simple (^irreducible) for simple A. Let a presheaf T be the composition of the 
Picard functor Y i— > Pic'^(y) with an additive functor on the category of abelian k-varieties, e.g. Pic^ : Y i— > 

PicO(F)Q, H^-.Y^ H\Y), or ^\^^^^^ : Y ^ T{Y, Q^^^^). Then T %s a sheaf and = 0^ T{A) U^, 
where A runs through the isogeny classes of simple abelian k-varieties and A is a representative of A. 
Thus, such sheaves T are direct sums of copies of simple sheaves T-Lf^. 

Proof. Suppose that A is an abelian category. Then any semisimple object N € A splits canonically into 
the direct sum over the isomorphism classes M of simple objects in A of its M-isotypical parts Nm- Clearly, 
for any representative M of the isomorphism class M the natural morphism Hom_4(M, A^) '8'End{M) ^ ~^ 
by 99 (8) a I— 7- '^{a). This is an isomorphism. Applying an additive functor ^ : A^ to the above isotypical 
decomposition of A^, we get a canonical isomorphism Wj^j ^{M)®-^^^^j^^^l^om.ji^{N , M) ^{N), f^l 1— )• I* f, 

where the following duality is used: Hom^^^_p,j^^^^^(Hom_4(M, A^), End(M))Q Hom^(A^, M). (It is 

induced by the composition pairing Homyi(M, A^) (8) iiomj{{N, M) — ?> End(M).) 

As A, we take either the category of abelian ^-varieties with morphisms ®Q, or the bigger category ■M'f^- 
In the case of abelian varieties, the isomorphism classes of simple objects are the isogeny classes of simple 
abelian /c-varieties, whereas the existence of the isotypical decomposition corresponds to the fact that for 
any abelian fc-variety B the natural morphism 0^ Homab.fc-var(^) B) •X'e^jj-^-) A — )• i3, 99 (8) a f{a), where 

A runs through the isogeny classes of simple abelian fc-varieties and A is a representative of A, is an isogeny. 

Thus, any sheaf T with semisimple values in A also splits canonically into the direct sum over the 
isomorphism classes M of simple objects in A of its Af-isotypical parts Tm- 

When A = M'f^ and is the dominant sheaf Y 1-^ yP"™^ .^g gg^- ^-j^g^^ jr gp^if^g canonically into the direct 

sum of its M-isotypical parts Y 1— > y^,™. By Proposition 11.31 the M-isotypical part Y 1— > I^a//™ ^ simple 
sheaf. 

U B = Alb(F) (the Albanese variety) then Homab.fc-var(5, -4) = A{k{Y))/ A{k), and thus, T{Y) = 
T{B) ^ 0^ J'(A) <8)End(^) {A{k{Y)) / A{k)) . It is quite evident that Ti^ is a sheaf. By Proposition 

II. 7| in the case of abelian variety A, it suffices to check the Galois descent property, which is equivalent 
to the following one: for any abelian A:-variety A and any finite group H of its automorphisms such that 
Hq{H, A) = Q one has F{A)^ = 0. Clearly, this property holds. The simplicity of the sheaf T-if^ follows from 
the fact that for any algebraically closed field extension K\k{A) and for any subvariety Z of A of positive 
dimension there are no proper subgroups of A[K) containing all generic X-points of Z. (Any point of A is 
a sum of generic points of A; any sum of dim^ generic X-points of Z in sufficiently general position is a 
generic point of Z). This argument works more naturally in the context of representations, cf. ^ □ 

Remark. For an abelian fe-variety A, the sheaf Aq : Y ^ A{kiY))Q factors through the Albanese functor, 
but considered as a functor to the category of torsors over abelian /c- varieties, so additive functors do not 
make sense and Lemma ll. II is not applicable to this sheaf. In particular, it is not semisimple. 

Propositions 13.71 and 13.51 suggest that (i) the isomorphism classes of irreducible subquotients of axe the 
same as that of ^'f^.^^^ ■ Y 1— )• T{Y,Qy^^), (ii) they can be naturally identified with the irreducible effective 

primitive motives, and (iii) the isomorphism classes of irreducible subquotients of H* are related to more 
general irreducible effective motives, such as the Tate motive Q( — 1) in the case of //. ■ 

Lemma 1.2. Any dominant sheaf T with values in an abelian category with objects of finite length (e.g., in 
a category of finite- dimensional vector spaces) is -invariant. 

Proof. Any smooth morphism of connected smooth ^-varieties is covering, so X x (A^ x A^ \ A) — ^ 

X X (A X A \ A)/(32 is a cover for any X. On the other hand, it is the coequalizer of X x (A x A \ A) ^ 
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X X (A^ X Ai \ A). Therefore, F{X x (A^ x A^ \ A)/62) ^ J^{X x (A^ x A^ \ A)) (i) is injective, (ii) 
factors through the (32-invariants. As (A-^ x A-^ \ A)/62 — A-^ x A-^ \ A(= A^ x Gm), the source and the 
target of p* are isomorphic. As they are of finite length, the inclusion p* is an isomorphism. This implies 
that the involution (12) is identical on T{X x (A^ x A^ \ A)), so in the exact sequence, defining the sheaf 
condition for the cover X x A^ — > X, ^ ^i^) x A^) ^ T{X x h} x A^) the double arrow 

consists of equal morphisms, i.e. J-{X) — > F{X x A^). □ 

1.2. Properties of 5m^. Clearly, a subsheaf of an 5-sheaf is an 5-sheaf: if ^ is a subsheaf of an 5-sheaf 
F then for any {Y — > X) G S the parallel arrows in the upper line in the commutative diagram 

F{X) T{Y) ^ F{YxxY) 

u u u 

G{X) G{Y) ^ Q{YxxY) 

coincide, so the parallel arrows in the lower line also coincide, i.e. Q is an 5-sheaf. 

Assume that there are generically non-finite morphisms in S with arbitrary targets. Thus as before, Iq is 

a particular case of 5m^. Moreover, as restriction of any morphism X — > Y to an open dense subset U of 

X factors through U y x A^ Y, one has Suiq C Iq. 

1. The categories Suiq and Smc are abelian, complete, cocomplete and have enough injectives. (This is 
standard.) 

2. The section functors Hom^mGl^y) ~) ■ ^ J~0^) ^^e exact on Suiq for all smooth /c-varieties Y. 
As a consequence, quotients of 5-sheaves by their subslieaves coincide with their quotients as presheaves: if 
T G Sm% and ^ is a subsheaf of T then {T/g){Y) = T{Y)/g{Y). 

3. A sheaf is an 5-sheaf if and only if all its irreducible subquotients are 5-sheaves. 

[Proof of the "only if" part. As it was shown above, a subsheaf of J-" S Sitiq is an iS-sheaf. By property 
2, {J-/g){Y) = T{Y)/Q{Y), which implies that the quotient J^/Q is also an iS-sheaf. The "if" part is shown 
in Proposition 12.21 fin the language of representations); cf. also Theorem 12.111 ] 

4. The inclusion Iq ^ Siqg admits a left adjoint I and a right adjoint. 

Examples of calculation of these adjoint functors are given in Propositions 13.1 1 and 13.31 

5. The sheaves Cj.(^x) '■— form a system of projective generators of Iq- [This follows from 2 and 4.] 
{Remark. There are no projective objects in iSmg.) 

1.3. Irreducible objects of Ig- Examples. Let M be a simple effective primitive pure covariant motive. 
Then 

M^{M) : Y ^ Homip^re fc-motives} 
is a well-defined sheaf of finite-dimensional Q- vector spaces ([7j). 

A particular case of this example is the sheaf Tif, corresponding to the motive ^^Hi{A)" for any simple 
abelian A;- variety A. 

Proposition 1.3 ([7J). gives rise to a fully faithful functor M' : 

{pure /c-motives} — > {semisimple sheaves of finite length of finite-dimensional graded Q-vector spaces}. 

Conjecture 1.4 ([7J). This is an equivalence of categories. (In other words, any irreducible sheaf of finite- 
dimensional Q-vector spaces is isomorphic to M^{M) for a primitive irreducible effective pure motive M.) 

This can be complemented by the following conjecture, which I consider as one of the principal problems 
on A^-invariant sheaves. 

Conjecture 1.5 ([8]). Any simple -invariant sheaf can be embedded into the sheaf Q*f^ : Y 
This conjecture is rather strong: it implies the Bloch's conjecture: 

"Corollary" 1.6 ([8]). Suppose that a rational map f : Y X of smooth proper k-varieties induces an 
injection r(X, 0^|^) r(y,J7^l^)EI Then f induces a surjection CHo{Y) CHq{X). 

^Example. Let r > 1 be an integer and X be a smooth proper A;- variety with V{X, ^^x\k) ~ ^ r < j < dimX. Let Y 

be a sufficiently general r-dimensional plane section of a smooth projective variety X' birational to X. Then, as all considered 
invariants are birational, the inclusion Y ^ X' induces an injection T{X,Qx\k) ^ r(^i^y|fc)- 
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//r(X, r^^l^) = then the Albanese map induces an isomorphism CHq{X)^ — > Alh{X)(k), where 

CHq(X)^ is the Chow group of 0-cycles of degree and Alb(X) is the Albanese variety of X. (The converse, 
due to Mumford, is well-known.) In that case C^x) = CHq{Xf)q. 

Proof. Let C be the cokernel of a : CHq{Yf)q — )• CHq{Xf)q. Then the kernel of the homomorphism 
a* : HomG(Ci?o(^F),f^^|fc) ^ HomG(CiJo(^F), J^^lJ is HomG(C, By Proposition EH the homo- 

morphism a* coincides with the pull-back under /* : r(X, r(X, ily|^). As the latter is injective, 

we conclude that HomG'(C, fi^l^) =0. If C ^ then it is cyclic, and thus, admits an simple quotient, and 
therefore, a non-zero morphism to ^p^j^- This contradiction implies that C = 0. 

As the objects Q and AlbX(i<')Q of projective (ff, §6.2]), the natural surjections deg : C^i^x) ~^ Q 

and Albi? : ker deg — > K\bX{F)Q are split, so the cyclic G-module C^x) is isomorphic to a direct sum of type 
QeAlbX(F)QekerAlbF. Thus, HomG(Cfe(x), ^^^1 J = HomG(QeAlbA:(F), J^^l JeHomG(ker AlbF, ^^^1^). 
By Proposition O YiouiG{C^x),^F\k) = ^^^^^x\k) HomG(Q © AlbX(F), 0^1^.) = r(A:,0|p. If 
T{X, = this means that Yi.ouiG{Ck{x),^'F\k) = HomG(Q© AlbX(F), f]^l^). Therefore, the G-module 

ker AlbiT' should be zero, as otherwise it is cyclic, thus admits a non-zero simple quotient, and (by Conjecture 
ll.Sp a non-zero morphism to ^*F\k- remains to take the G-invariants of ker deg — > CHq{Xf)q — > 
AlbX(F)(Q; the torsion is controlled by Roitman's theorem. □ 

Also this would imply that any irreducible A^-invariant sheaf is a sheaf of finite-dimensional vector spaces. 

Example. Let be a simple A^-invariant sheaf and suppose that it is of level 1, i.e. it is non-constant and 
J-{Y) 7^ for a curve Y, cf. also pll5l Then, by |71 Corollary 6.22], = Tif for a simple abelian variety A. 
Now any non-zero rj £ T{A,Q^^jJ gives an embedding T ^ fljf, by [x : OiU) ^(X)] ^ x{ri) € ilyj^(y) 
{U <Z A\s an affine open subset). 

Proposition 1.7. A dominant presheaf T is a sheaf if and only if the following three conditions hold: (i) 
the sequence J-{X) T{X x A^) ^ J-{X x A'^) is exact for any smooth k-variety X^ (ii) J- is birationally 
invariant, (iii) it has the Galois descent property, i.e. J-{X) = J^(y)^"*(^l^) for any Galois covering Y ^ X . 

Proof. The conditions (i)~(iii) are particular cases of the equalizer diagram ([T|) for coverings by (i) 
projections X x A* X, (ii) open dense U C X, (iii) etale Galois covers Y ^ X, respectively. Ga- 
lois descent property for any sheaf is clear, since etale morphisms with dense images are covering and 
U Xx U = IJggAut(y|X) ^ Zariski open Aut(y |X)-invariant U <ZY , where Ug = U is the image of the 

embedding {idu,g) : U ^ U XxU. 

Conversely, it is clear that any Galois-separable presheaf T satisfying (i) and (ii) is separable: ii Y ^ X 
is a cover, i.e. a smooth dominant morphism, then for any sufficiently general dominant map ip : Y --■>■ 
(where 6 = dimY — dimX) we can choose a dominant etale morphism y ^ y so that the composition 
Y ^Y X X A"^ is Galois with the group denoted by H, and therefore, the composition 

T{X)^T{X xA'^)^---^ T{XxA^) T{Y) 



4 injective J, 

7-(y)^ ^ j-(y) 



is injective. Then in the commutative diagram 



TiX) ^ T{Y) ^ T{YxxY) 

II t t 

(2) T{X) ^ T{Y) ^ T{YxxY) 

II t t 

T{X) T{X X A^) ^ F{X xA^x 

all arrows are injective, so it suffices to show the exactness of the upper row. 



E.g., any A^-invariant presheaf satisfies the condition (i). 
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Let / be an element of J-iY). The image of / in J-{Y Xx ^) under the projection to the first factor 
is fixed by {1} x H] the image of / in J-{Y Xx Y) under the projection to the second factor is fixed by 
H X {!}. Now if / is an element of the equalizer of J-{Y) ^ J^{Y XxY) then the two images coincide, so 
they are fixed by the group H x H. The injectivity of both parallel arrows in the upper row of the diagram 
([2|) implies that / G T(Y)^ . By (iii) and the injectivity of the vertical arrow, / comes from the equalizer of 
the bottom row of the diagram ([2]) . Finally, the bottom row of the diagram ([2]) is exact by Lemma ll.8| and 
thus, / comes from J^(X). □ 

Lemma 1.8. Let V be a category of schemes such that for any X ^V: (i) the projection X x ^ X is a 
morphism in V, (ii) any linear automorphism of any affine space A induces an automorphism of X x A inV. 
Let F he a presheaf on this category such that the sequence J'{X) — )■ T{X x A^) ^ J^(X x A^) is exact for 
any X ^ V. Then the sequence J-{X) T{X x A*) ^ T{X x A^*) is exact for any X G V and any s > 1. 

Proof. We proceed by induction on s, the case s = 1 being trivial. 
Denote by pri,pr2 : X x A?^ ^ X x A^ the two projections. 

For any / G J^{X x A*) the element prj/ is fixed by ^* G End xA'^x A^) for any linear automorphism 
= {u,ip{u,v)) of A^ X A^. Similarly, pr2/ is fixed by ^* G EndJ'(X x A* x A^) for any linear 
automorphism ^{u,v) = {'ip{u,v),v). 

Let now / G J-{X x A^) be in the equalizer of prj and prg. Then prj/ = pr2/ is fixed by the group, 
generated by <1>* and ^* as above. Clearly, such automorphisms <I> and ^ generate the group consisting of 
all linear automorphisms a. Then pr*/ = a*prj/. 

Applying the induction assumption in the case where a is identical on one of the first s coordinates and 
interchanges i-th and (s + z)-th for other 1 < i < s, we get that / belongs to the image of J^(X x A-*^) — > 
T{X X A'^) under morphism induced by the projection A'^ — > A-*^ to one of the copies of A-*^. Then the case 
s = 1 implies that / comes from J^{X). □ 

Examples. 1. A stable birationally invariant dominant presheaf with the Galois descent is a sheaf. 
2. Example of a birationally invariant presheaf T with the Galois descent property which is not a sheaf. 
Let ^ be a dominant sheaf and / C {0, 1, 2, . . . } be a non-empty (finite or infinite) interval. Assume that 

GiX) 7^ for some X with dimX ^ /. Then the presheaf : f7 i— )• <| q ^^'^ |f c||ni[/ ^ I (with the 

restriction maps of G, whenever possible, otherwise zero) is birationally invariant and has the Galois descent 
property, but it is not a sheaf. The sheafification of is ^ if / is infinite and otherwise. 

Now, what are the projective generators of Iq from ^1.21 Property 5? 

Conjecture 1.9. For any smooth proper k-variety X, the sheaf C]^i^x) coincides with Y i— )• CILq{X^,(y))q- 

Remarks. 1. This is known, e.g., if X is a curve, cf. [Tj Cor. 6. 21] and Proposition 12.101 for a stronger 
statement. Coni ecture 1 1 . 91 would imply that Tq is a tensor category under the operation (J-", Q) ^ X{F ®srac 
Q) =: J-®xQ^ where ^smc denotes the sheafification of the tensor product presheaf. Moreover, the "Kiinneth 
formula" holds: Ck{x) (^iCkij) = Ck{XxkY)- 

2. It is shown in [7, Proposition 6.17] that, roughly speaking, Ck[x) is the quotient of generic 0-cycles on 
X by those divisors of rational functions on generic curves on X which are generic, and thus. Conjecture 11.91 
should be considered as a moving lemma. 

3. Conjecture 11.91 and the motivic conjectures imply conjectures 11.41 and 11.51 

2. Alternative descriptions of A^-invariant sheaves 

Now I want to introduce the language of representations and to use it to explain some results and conjec- 
tures of 311 especially Conjecture 11.91 

2.1. Smooth representations and non-degenerate modules over algebras of measures. For any 

totally disconnected Hausdorff groupie H an IL-set (group, etc.) is called smooth if the stabilizers are open. 



^cf. m Appendix A] 



Any smooth representation W H over E can be considered as a module over the associative algebra 
^EiH) := l^m E[H/U] of the "oscillating" measures on H (for which all open subgroups and their translates 

U 

are measurable): xW ^ W is defined by {a,w) i— )• I3w for any /3 G E[H] with the same image E[H] 

as a, where w £ for some open subgroup U of H. 

Passing to the inverse limit, we get the algebra structure on IDiEiH) from I}e{H) x E[H/U] — )> E[H/U]. 

If the annihilator ofW (z SmuiE) in I}e{H) vanishes then the restriction of W to any compact subgroup U 
contains each smooth irreducible representation of U. (Otherwise, if W does not contain a smooth irreducible 
representation p oiU then the natural projector in I}e{H) to the p-isotypical part would annihilate W.) 

2.2. A representation theoretic setting for (A^-invariant) sheaves. In this section, for a group H as in 
^2. H and a collection S of pairs of its subgroups, we study the category Smfj{E) of smooth ^^-representations 
W of H, satisfying W^^ = W^^ for ah {Ui, U2) G S. 

Theorem 12.31 explains the consistence of this notation with that of |TJ 

Collections S and S' are called equivalent if they define the same subcategory of Sm.H := 5m^. 

For any subgroup U C H the functor H^[U,—) on the category of smooth H-sets (or modules, etc.) 
coincides with lin^ H^{V, — ), where the limit is taken over the open subgroups V of H containing U. Therefore, 
one can assume that the subgroups Ui,U2 are intersections of open ones, and in particular, that they are 
closed. Further, as VF^i PI W'^'^ = VF^'^i''^^) fQj. g^^y ff-module W and Ui,U2 ^ {Ui,U2), one can assume 
that the pairs (Ui, U2) G S are ordered: Ui C U2- 

Lemma 2.1. Assume that for any pair {Ui C U2) G S the functor H^{Ui, —) is exact on Suih- Then the 
category Sm^{E) is stable under passing to the subquotients in Sm.H{E), and in particular, it is abelian. 
The inclusion functor Sm.fj(E) ^ SmH{E) admits a left adjoin^ W 1 — > T-sW . 

Proof. If a sequence — )• Wi W ^ W2 — > in Suih is exact then the sequences W^^ — )• 
W^^ W^' and ^ W^'' W^^ W^^ are also exact. UW (£ Smfj, i.e. W^^ = then 
W^^ = VFi n W^^ = VFi n W^^ = W^^ and W^^ W^^ is surjective (since W^^ = W^^ W^' is 
surjective and factors through VF^^ C VF^^). This means that iSm'^ is stable under taking subquotients in 

The existence of the functor Is can be deduced from the special adjoint functor theorem, cf. [S] §5.8]. 
However, we construct it "explicitly", which enables us to relate the generators of the category Iq to the 
Chow groups of 0-cycles. 

Let W' G Smfj. Any ff-homomorphism W W factors through the object a(iy) of Smfj. We may, 
therefore, assume that a is surjective. Let {Ui C U2) G S. As the functor H^{Ui, — ) is exact on Suih, the 
morphism a induces a surjection W^'^ — > {W')^'^ . As {W')^^ = {W')^'^ , the subgroup U2 acts on {W')^^ 
trivially, and therefore, the subrepresentation WjjicU2 — {^'^ — w \ a £ U2, w £ W^^)h of H is contained 
in the kernel of a. It follows that a factors through := W/ Yl{UicU2)eS ^UicU2- 

The representation of H is smooth, so the map W^^ — > (X^VF)^!, induced by the projection, is 

surjective, and therefore, any element w G (IsW)^^ can be lifted to an element w G W^^. Then aw — w 
coincides with the projection of the element aw — w for any a G f/2- Notice that aw — w £ Wjjj^dj^i 
its projection is zero, and therefore, aw = w for any a G U2- As (IsW)^'^ C (IgW)^^, this means that 
(IsW)^^ = {IsW)^\ and thus, IgW G Smfj. 

One has B.omg^s^{IsW,W') = Rom.s^^{W,W') for any W G Smn and W G Sm^j, i.e. the functor Is 

is left adjoint to the inclusion functor Smfj ^ 5m//. □ 

Remark. The functor Is generalizes the coinvariants, since Is = Hq{H, — ) if S" = {({1} C H)}. 
Examples. 1. The functor H^{Ui, —) is exact on 5m// if, e.g., the subgroup Ui is compact. 



SxaniE) ^ 5m|(£) SuiuiE) 
*^The diagrams ®eE' i i^sE' and for t 

SvaniE') ^ Smfj{E') Sm„{E') 
extension E'\E, so omitting E from the notation does not lead to a confusion 
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^ Smfj{E) 



t for are commutative for any field 
SmiiE') 



2. Suppose that H is the automorphism group of an algebraically closed field extension F\k of countable 
transcendence degree and C/i is the subgroup of automorphisms of F over a fixed subextension of k in F of 
infinite transcendence degree. Though Ui need not be compact, the functor H^{Ui, — ) is exact on Siajj. 

Proposition 2.2. Let H be a totally disconnected group and S be such a collection of pairs of its subgroups 
{Ui C U2) that 

(1) for any pair [Ui C U2) € S there exists an element a £ U2 such that (i) (Ui H aUia~^ C Ui) G S; 
(ii) Ui and aUia~^ generate U2, at least topologically. 

(2) there exists an equivalent collection of pairs of its subgroups (Ui C U2), where all Ui are compact. 

Then an object of Sm.H{E) belongs to Smfj{E) if and only if all its irreducible subquotients are in Smfj{E). 
In particular, Sm.fj{E) is a Serre subcategory of Sviih{E)- 

Proof. Suppose that W ^ 5m'^, whereas all its irreducible subquotients are in Sm.%. Then W^^ ^ W^^ 
for some pair [Ui C U2) G that is there exist a vector v € W^^ \ W^^ . Choose an element o" G C/2 as in 
condition ([1]) of the statement for the pair {Ui C U2) G S. Then av — v =: u ^ since Ui and a generate a 
dense subgroup in U2. 

One may replace W by its quotient by a maximal subrepresentation not containing u. Then the subrep- 
resentation (u), generated by u, becomes irreducible, and thus, an object of 5m^. 

By definition, u G W^^ + W^^"'^ C VF^i^'^^i'^"'. As (u) G 5m| and {Ui n aUia''^ C Ui) G S, we 
conclude that u G W^'^. This implies that av G W^'^. On the other hand, av G W'''^^''~\ so av G W^^ fl 

space coincides with VF^^^ ^j^d thus, v G M^^^, contradicting our assumptions. 

The converse follows from Lemma l2.ll □ 

2.3. More notations and compatibility of notations of §272] and §1} the sheafification and smooth 
representations. From now on we fix the following notations: F\k is an algebraically closed field extension 
of countably infinite transcendence degree, and G = Gp^i^ is the automorphism group of the extension F\k. 

Consider connected smooth ^-varieties U endowed with a generic F-point, i.e., with a /c-field embedding 

/k 

k{U) ^ F. For any presheaf J-" on we can form the direct limit J-{F) := \iuj F{U) over such U. The 

group G = Aut(F|A;) acts naturally on F{F). 

Theorem 2.3 ([4]). • J-" 1— > J~{F) gives an equivalence of the categories Sm^{E) (of^ andSm^{E) 

(of §2.2\) . where S is the collection of pairs Gp\ki^x) ^ Gp^^y) f^f clU morphisms {X -^Y) £ S. 
• For any presheaf T , the sheaf corresponding to F{F) is the sheafification of T . 

2.4. An example: birational invariants constant on the projective spaces. Let S consist of a single 
pair K d G such that is a 'maximal' compact subgroup, i.e., any compact subgroup is conjugate to a 
subgroup of K. Then S is equivalent to the collection consisting of a single pair K' C G, where K' is the 
pointwise stabilizer of some transcendence base of F\k, and also to the collection S' of pairs U C G such 
that U is the pointwise stabilizer of a finite subset of a fixed transcendence base of F\k. The collection S' 
satisfies the assumptions of Proposition 12.21 

Lemma 2.4. Let E'\E be an extension of fields, H be a group and (/?, W2) be an irreducible E' -representation 
of H. Let W\ be an E -representation of H, absolutely irredicible even in restriction to ker Then the E'- 
representation Wi 0e W2 of H is irredicible. 

Proof. Let ^ G Wi (^e W2 be a non-zero vector. It suffices to check that the E'[H]-span of ^ contains 
Wi (8> V for any v G W2- Any non-zero £'[ker /oj-submodule in is isomorphic to for some 1 < 

m' < m, and therefore, the £^[ker pj-submodule in Wi 0e W2 spanned by ^ (which is in fact a submodule in 
®^]^VFi (g) = for some m > 1 and £^-linearly independent t^i, . . . ,Vm) contains a £^[ker pj-submodule 
W[ isomorphic to Wi. As the endomorphisms of the ii'[ker />]-module Wi are scalar, there exists a non-zero 
m-tuple (oi, . . . ,am) G such that W{ = {aiw ® t'l + • • • + fflmW <8> | £ Wi}. In other words, 
W[ = Wi (8) v', where v' := aivi + • • • + amVm is a non-zero vector in 1^2- 

^i.e., irredicible and with End£;[]jerp](W^i) = E: otherwise, if EndB[korp](W^i) 7^ E and E'\E is a non-trivial field extension 
in the division i?-algebra EndB[]j(,rp](W^i) then the action of E' on Wi gives a non-injective surjection of i5'-representations 
Wi (giE E' — > Wi. 
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As any vector v of W2 is an ii^'-linear combination of several elements in the i/-orbit of v' , we may assume 
that V = hv' for some h £ H. Then u0 v = h{h~^u ® v') for any u € Wi. □ 

Lemma 2.5. Let E'\E he an extension of fields, H he a group and (p, W2) he an irreducihle E' -representation 
of H. Let Wi be an E -representation of H such that (i) the sum S of all proper E-suhrepresentations of 
kerp in Wi is prope^ and (ii) Wi/Ti is absolutely irredicible in restriction to ker p and its restriction to the 
pointwise stabilizer 'EofT,in ker p is non-trivial. Then any proper E' -subrepresentation of H in Wi (^e W2 
is contained inTi 0e W^2- 

Proof. Let ^ E Wi (^e W2 be a vector, which is not in S (8)_e ^2- It suffices to check that the E'[H]-span 
y of ^ contains Wi v for some non-zero v E W2, as then V coincides with Wi 0e ^2'- a-^y vector of W2 is 
an £"-linear combination of several elements in the iif-orbit of v and Wi (^hv = hiyVi (8> v) for any h H. 

It follows from Lemma [2. 41 that V is surjective over {Wi/Ti)CS)eW2. In particular, V contains an element of 
type X^i^i CLi®bi for some ai G Wi \ S, whose projection to Pl^i/S is not fixed by H, for some a2, . . . , am S S 
and for some i?'-linearly independent 61,..., 6^ £ 1^2- Then there exists an element /i € H such that 
hai — ai € Wi \ S, and therefore, V contains an element of type X^I^i o.®hi for some a S H^i \ S. □ 

Proposition 2.6. Let W € STa.G{E) be an object. For any open subgroup U of G, denote by W(ij-^ the sum 
of all proper subrepresentations of U in W ; and by 'Ejj the pointwise stabilizer of iy([/) in U. Suppose that 
for any open subgroup U of G: (i) the E -representation W/W(jj-^ ofU is absolutely irreducible and non-trivial 
in restriction to H[J3 and (ii) any irreducible smooth representation of K can be embedded into W so that its 
image does not meet W^jjy Then Is annihilates any quotient of W 0e V for any V G SmG{E). 

Proof. It suffices to check the vanishing of IsiW ^eV)- Extending the coefficients if needed, we may 
assume that E is big enough (i.e., algebraically closed and ^E >_#k), so that any smooth irreducible 
^^-representation of any open subgroup of G is absolutely irreducibleO 

The vanishing holds if the G-module WCXjEV is spanned by the elements g^,—^ for all ^ G {W ®eV)^ and 
all g £ G. Equivalently, as the restriction of F to is semisimple, the G-span of such elements gS,—^ contains 
W 0E P for any irreducible £'-subrepresentation p of if in V. By (ii), W contains a E'-subrepresentation of 
K which is (a) dual to p and (b) outside of W(^ijy where U C G is the pointwise stabilizer of p. Then there 
is an element ^ G {W (Sie p)^ , which is not in (^e P- 

As the H{/-module W/W(jj^ is non-trivial, there exists an element u € H(/ such that r/ := ti^ — ^ is not 

in W{ij^ ®E P- Denote by U the subgroup in G generated by U and K. Then U contains [/ as a normal 
subgroup of finite index; U acts on W{jjy^ p can be viewed as a representation of U via the identification 
U /U = K/U n K. By Lemma [2.51 (with H = U), the element r] generates the £'[J7]-module W <^e P- D 

Lemma 2.7 (A source of representations of G containing all irreducible smooth representations of K). If 
a subrepresentation W of G in ^p^^^^f^ does not contain regular forms^ i.e., forms from r(Ar, il^|^,) for a 
smooth proper k-variety X with k{X) C F, then W contains each irreducible smooth representation p of K . 

As mentioned in ^2.11 if no non-zero element of J])e{G) annihilates a smooth representation W then W 
contains all irreducible smooth representations of K. The vanishing of the annihilators of F/k and F^ /k^ 
is shown in [71 Prop. 4. 2]. Assume for simplicity that F^\k is purely transcendental. 

*'E is _ff-invariant: as kerp is a normal subgroup of H, the group H permutes the ker p-submodules in Wi, while E is the 
maximal proper ker p-submodule in Wi . 

"^In particular, W is absolutely indecomposable. Any non-zero quotient of A{F) for an absolutely simple algebraic fc-group 
A is an example of such W. (Indeed, any open subgroup U C G contains Gp\L for a finitely generated L in F\k, so any 
t G A(F) X A{L) is a cyclic vector of A{F), considered as [/-module. Here L is the algebraic closure of L in F. If the 
transcendence degree of L\k is minimal then, by |10| . L is [/-invariant, so A(F)(^u-) — A{L). □) 

^Schur's lemma=[2j Claim 2.11]: Let H be a totally disconnected group and E be a field of cardinality greater than the 
cardinality of H/U for any open subgroup U of H . Then the endomorphisms of the smooth irreducible E -representation of H 
are scalar. 

'^Examples of such W are subrepresentations of Sym|.S7j^n., of f^J'ifeexacti or of the image in 0?p^f, of A-'Sl^n.iog, where 
dlog : F''' /k^ 0,p^f. i^g, for any j > 1. It follows directly from Hilbert's Satz 90 that the representation F (and therefore, 
the irreducible representation d : F/k f^F|fc exact) contains all irreducible smooth (and thus, finite-dimensional) 

representations of K. 
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Proof. Let pp be the central projector in the group algebra of Q = K/]<£.i p onto the p-isotypical part. As 
explained in f^, Prop. 7. 6], W contains a non-zero element cj fixed by the group Gp^^^^^M-^ for an appropriate 
M > 1 and an embedding k{¥^'^) ^ F. The finite field extension i^^erpj^/c ^^^^ considered as a purely 
transcendental extension of a function field extension k{Y)\k{Y)^ of smooth projective /c-varieties of dimen- 
sion > M. Consider as a differential form with poles on P^. Fix a sufficiently general finite morphism 
/ : Y — > P^^, unramified above the poles of w, and such that the poles of f*oj pass through a fixed point 
of y, but not through another point of its Q-orbit. Then, as Q acts freely on the set of 'sufficiently general' 
divisors on Y , the form Ppf*uj is non-zero, and thus, Ppf*u} spans a i^-submodule in W isomorphic to p. □ 

Remark. The vanishing of I5 on any smooth semilinear representation V of G is evident: Let L be the 
function field of an affine A:-space embedded into F. For any v E y'^^'l^ and any x €z F transcendental over 
L the vector xv belongs to y'^^'I^C^) , so its image X^l/ should be fixed by G. In particular, the image of xv in 
coincides with the image of 2xv, and thus, xv becomes in Is^- Such vectors xv span V, so IsV = 0. 

Corollary 2.8. For any k-variety U and any rational closed form rj on U x there exist an affine variety 
Y, dominant morphisms tt :Y ^ U x A^, vri, . . . , : Y — )• and rational closed forms rji, . . . , rjm on A^ 
and rjQ on U such that TT*r] = {prjj o 7r)*?7o + t^Ivi + • • • + '^m'Hm- 

Proof. We consider r/ as a section of the sheaf ^1*^ ^.j^gg^ : X 1— ?• closed U x A^. Proposition 

13.31 describes the kernel of ^1*^ ^.j^ggj — — > Xfi|'^gj^ggj as the ideal generated by the exact and the logarithmic 
differentials. By Proposition 12.61 applied to W = F^ /k^ , Is annihilates the kernel of a. Thus, modulo 
closed forms coming from projective spaces, r] comes from U. □ 

/k 

Let X be a smooth proper /c-variety and W := Q[{k{X) ^ F}] be the module of generic 0-cycles on X. 
The space is the image of the projector defined by the Haar measure of K. As the generators of W are 
generic points of X, the space is spanned by the 0-cycles of type p^7r*q for all diagrams of dominant 

/c-morphisms X «^ Y — ^ , where vr is generically finite, and all generic points q G P^(F^). (Indeed, 

/k 

for any generic F-point a : k{X) F of X the orbit Ka is finite, so the compositum Li of the images of the 
elements of Ka is finitely generated over k. Let Lq C F^ be a finitely generated and purely transcendental 
extension of k containing L{^. Let y be a ii'-equivariant smooth /c-model of LqLi. Then p and vr are induced 
by the inclusions k{X) C k{Y) D Lq.) Thus, the module X^VF is the quotient of W by the Q-span of 0-cycles 
of type p*7r*gi —p^TT*q2 for all dominant A;-morpliisms p -.Y ^ X, generically finite /c-morpliisms vr : y — )• P^ 
and all generic points 91,^2 £ P^(F). 

Lemma 2.9. Let X he a smooth proper curve over k of genus g. Then the G-module ZQ^^{k{X) (g)^ F) := 
ker[Zo(A;(X) ®fc F) — > GHq{X Xf. F)] is generated by wn = X^jLi ~ Z^jLi T?' f^'^ ^ > 9j where 
(cJi, . . . , cJiv; Ti, . . . , Tjv) is a generic F -point of the fibre over of the map X^ x^ X^ Pic'^ X sending 

j=l -^3 l^j=l 



{xi, ...,XN;yi,.. .,yN) to the class ofY^^^i^j - Ylf=iyj 



/k /k g 

Proof. Let 71, . . . , 7^ : k{X) ^ F and 61, ... ,6s '■ k{X) ^ F be generic points of X such that Jj 



We need to show that 7j — X^!=i belongs to the G-submodule in Zq^*(A;(X) F) generated by 



6j is the divisor of a rational function on Xp. 

A/f=' nppH tn tiViri^sr that V ^ 
t^Ar's. 

/k 

There is a collection ai,...,ag : k{X) ^Fof generic points of X such that the class of ^^^-|^ 7j-|-^^^-^ Qj 

in Pic**^ X is a generic point. Then there is a collection ^1, . . . , Cs+g '■ k[X) ^ F of generic points of X in 
general position such that Y2j=i 7i ~^ Sf=i "^j ~ Si=i divisor of a rational function on Xp (so the same 
holds also for Ylj=i + Sj=i ~ Si=i ^i)' ™^y) thus, assume that 61, ... ,5s are in general position. 

Fix a collection {>fij}i<i<g,i<j<s of generic points of X in general position, also with respect to 71, ... ,7s 
and to 61, ... ,5s, such that the classes of 71 -|- J2i=i ■ ■ ■ jIs + Yld=i ^ia in Pic^"*"^ X are generic points 
in general position. Then one can choose a collection {^ij}o<i<g,i<i<s of generic points of X in general 
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position such that 7^- + Y2i=i ^ij ~ Sf=o divisor of a rational function on Xp (so the same holds also 
foi' Y^'j=i Yfi=o^ij - (Z]j=i ^3 + Yfj=i Yfi=i ^ij])- We may, thus, assume that both 71, ... ,7^ and 5i,... ,5s 



are in general position. 

/k 

Then there is a collection of generic points ^1, . . . , : k{X) ^ F such that the points (71, . . . , 7^,; ^1, . . . , ^s) 
and . . . ,5^;^!, . . . are generic on.p-'^{Q). Then Ej=i 7j - Ej=i and Ej=i "^j " Ej=i are divisors 
of rational functions on Xp- Clearly, such elements belong to the G-orbit oi Wg- □ 

Remark. The G-module Zq'**(A;(X) (8)fe F) from Lemma 12.91 is generated by tf^+i. Proof. There exists an 
effective divisor D (of degree g) in the linear equivalence class of '^^=2 '^j ~ "^i ' so wn = "^j ~ 

D — ^^g_|_2 '^j] + + D — Tj] is a sum of an element in the G-orbit of wn-i and an element in the 

G-orbit of Wg+i. □ 

/k 

Proposition 2.10. IsQ[{k{X) F}] = Pic{Xp)Q for any smooth proper curve X over k. 

Proof. By Lemma |2.9| it suffices to show that the images of the generators wn in XgW are zero. Denote 
by 5 > the genus of X, by i/^tv a generic effective divisor on X of degree with a special class in Pic^ X. 
Then wm = aipN+g — TtpM+g for some a,T G, so it suffices to show that the images of ipN^s in are 
fixed by G. Denote by X^ T,^X — ^ Pic^(X) the natural morphisms and set Y := (rs)~^(*). Let 
p : Y C X^ — > X be the projection to the first multiple; set vr = s|y -.Y — > r~^{*). The projection to 
the first N — g multiples Y — > X^~3 is generically finite of degree g\. 11 N >2g — 1 then r~^(*) = 
Assume also that N > g + 1 (i.e. N > max.{2g — l,g + 1)). As s is generically finite of degree A^!, one has 
[N — l)!V'Af = P*T^*q for a generic point q of r"-'^(*). □ 

Denote by Xq the full subcategory in Svclq of "homotopy invariant" representations: W ^1^' = VF^^I^ for 
any purely transcendental subextension L'\L in F\k. 

Theorem 2.11. A dominant sheaf is -invariant if and only if all its simple subquotients are. 

Proof. Let S be the collection of pairs of type {Gp^L(^x) C Gp\l) for all subfields L in F\k of finite type 
and elements x & F transcendental over L. The following conditions are equivalent: 

(1) a smooth representation of G is "homotopy invariant"; 

(2) VF^i = W^^ for all pairs (C/i C C/2) € 5; 

(3) W'^^^^ = VF*^^!^' for all subfields L in F\k of finite type and purely transcendental extensions L'\L 
in F such that F is algebraic over L' . 

<^^l^ and (H]) 44^(121) are evident; (12])<:4>([l]) is proved in [7, Corohary 6.2]. This verifies the condition (2) 
of Proposition 12.21 For each pair {Gp^p(^^-^ C Gp^p) € S" fix some a G Gp\p with x and ax algebraically 
independent over L. Then the condition (l)(i) is obvious: Gp\p(^x) '^Gp\i(^^x) = Gp\p(^x,ax) and {Gp\p(^x,ax) C 
Gp\L{x)) £ S] the condition (l)(ii) follows from [7, Lemma 2.16]: the subgroups Gp^p(^x) and Gp^K^^^x) generate 
GpiL. □ 

2.5. Summary of equivalences. The following categories are equivalent: 

(1) the category of dominant A^-invariant sheaves of £^-vector spaces; 

(2) the category of dominant A^-invariant presheaves of i?- vector spaces with the Galois descent property; 

(3) the category 5m^(£'), where S consists of the pairs of type {Gp^^i C Gp\p) with purely transcendental 
L'\L in F\k. 

These equivalences restrict to equivalences of corresponding subcategories: (1) of sheaves of finite-dimensional 
spaces, (2) of presheaves of finite-dimensional spaces, (3) of admissible representations of gJ3 
Consider the following properties of a smooth representation W of G: 
(1) W G Sm.Q{E), where S consists of the pairs of type {Gp^pi C Gp^p) with purely transcendental L'\L 
in F\k\ 



^''A representation of a totally disconnected group is admissible if it is smooth and the fixed subspaces of all open subgroups 
are finite-dimensional. 
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(2) the restriction of 1^ to a compact subgroup U does not contain all smooth irreducible representations 
of U] 

(3) the annihilator of W in the algebra ][Dq(G) is non-zero. 

One has ([U^dS])^®. [©^(jSl) is explained in ([I])^®: If is purely transcendental over k, 

there are many irreducible smooth representations of U , entering in no object of Suiq{E). Any non-trivial 
smooth irreducible representation t oiU such that i^^err jg unirational (e.g., purely transcendental) over k 
is an example of such representation. Clearly, for any such r the natural projector Pt G Bq(G) onto the 
r-isotypical part belongs to the common annihilator of the objects of 5m^(£^).] 
Remark. For a discrete valuation v of rank 1 on F, trivial on 

kE 

and a smooth representation Vl^ of G 
set := Y.L W^P\^ C W, where L runs over the subfields in the valuation ring of v. The intersection 
r(VF) := Pl^ Wv over all such f 's is again in iSm^j. As shown in |10| Cor. 4. 7], the property ([1]) for W implies 
that W = Wy (and also W = r(l^), since all v's as above form a G-orbit, cf. [TO]). 

3. Differential forms 

Let H* = ©^>o H'^ be a cohomology theory, considered as a dominant A^-presheaf. Denote by 
the dominant A^-sheaf X H*{X)/N^ for smooth proper /c-varieties X, which is a subsheaf of H", e.g., 
: X ^ H\X). Clearly, ^' is a sheaf of finite iJ*(A;)-modules. It would follow from the standard 
semisimplicity conjecture that the sheaf ^* is semisimple if H*{k) is a field. 

We shall be interested in the case of de Rham cohomology H' = H'^i/k ■ ^dR/k^-^^ H*(^i ^x|fc)' 

where H'{k) = k, cf. |3]. Clearly, H^^^, = ilf,,^^,,^ / W^.exact' where Of.^^^^, : Y ^ ker(d|r(y, J^^,,)) and 
^|fc,exact '■ ^ ^ dr{Y,n'^y~l), SO d : uf'^ ^ il|fc,exacf The sheaf H\^/k^^ is semisimple. It is described in 
Lemma 11.11 



3.1. Maximal A^-subsheaf and the A^-quotient of (closed) forms. Recall f §1.2p that the inclusion 
functor Ig ~^ Smc admits a right adjoint W i— > VF'^"-', the maximal subobject in Xq- The following fact 
points out once more the cohomological nature of the objects of Iq- 

Proposition 3.1 ([8j, Prop. 7. 6). The maximal subobject inlc of the sheafification o/(^qO|^ is J^*^j,gg- 

For any smooth proper k-variety Y there are the following canonical isomorphisms 

(3) Romx^{Ck^Y),%,,,^) = Romsmai'^Y,^^,,^) ^ r(y,f]^|,) ^ Hom^n, JCi7o(l», f^ffe,,eg)- 

The first isomorphism is functorial with respect to the dominant morphisms Y — > Y' , the second one is 
functorial with respect to arbitrary morphisms Y — > Y' . 

Lemma 3.2. Let L be an algebraically closed extension of k and x be an indeterminant. Then there are iso- 



""-^^aGL" ^x-a^ ' i^i^) '^-f' ^L|fc)/^L|A:,exact ® ®aGL(^L|fe/^i|fc,exact) ~^ ^L(x)|fc/^L(x)|fc,exact 

^nd d + : (L(x) 0^ l^l|,)/f^i|,,,i_d © ®aeL ^l\k,e..ct ^ ^^S)|/^,exact 1 > ^- The 

former isomorphism restricts to an isomorphism H^j^^^{L) © ^^^j^ H^^^^{L) — > H'^-^j ^{L[x)) . 

Proof. As = L{x) ®L ^\\k ® ^{^) ®L ^ d'^^ ^ ^ ^L(2:)|fc ^ ^ r] A dx 

(mod L{x) ^/,|fc) for ^ unique r] € L{x) ^/.jfc • Using partial fraction decomposition of rational 
functions in L{x), we get a presentation rj = Y.jyo^^Vj + Eqgl, j>i (x-a)o ' where r?j,?7j,Q G J^^J^^ Then 

J]Adx = ZaeL Vl,a A (mod L{x) ®l %k + ^L(x)|fc,exact)' ^ = T.i M^H + EaeL m,a A 

(mod ^^i(^)ifc^exact)' '^^ = T.i d(t)i{x) AVi + T.i (t>i{x)drii + Y^aeL dVi,a A ^^^^ = Y.i (t>'i{x)dx Ar]i + 

X^aG-L^^i." ^ 'x^ (mod L{x) ®L ^^i|fc) for some ct)i{x) G L{x) and rfi G (and we may assume that r/i 

are L-linearly independent). Using partial fraction decomposition of the rational functions (f)^ G L{x), we see 
that if bj is closed then drji^a = 0, G L and ^ ■ (/>jr/j G is closed. □ 



^^By definition, this means that any maximal system of elements of with independent images in the valuation group, 
should be a transcendence base of F over a lift of a subfield of the residue field. 

12 



Proposition 3.3. Let Mg be the sheaf associated with the presheaf fi^^ ^^^^^ + fi^^ closed ^ dlog C 17^^ for 
any q > 1. Then (i) ^l^xxA-)\k,c\osed = ^fc(x)|fc,ciosed + ^</(^ /o'^ ^ ^ 1' (ii) ^^me/ 

of the natural projection vr^ : ilj^^ closed ^ •= ^(^jfc.dosed) = ^(^dR|fc)' (^^^) ^^'^ 9 > 2, Mg is i/ie s/iea/ 
associated with the presheaf closed ^ dlog Gm and d + dlog : T-L^"^ ®k® T^^™ Mi is an isomorphism. 

In particular, the natural projections f^'^t closed ^ ^dR|fc ^ ^* •= = ^(^I'^ closed) morphisms 

of sheaves of supercommutative A;-algebras. (The kernel of pi, i.e. il'fc exact' ideal generated by 

the kernel of p2 is the ideal generated by dlogGm-) They are surjective even as morphisms of 

presheaves. 

Proof. Let us show that ker vr^ contains Mq. For any irreducible smooth /c-variety X, any rj G ^'k(x)\k closed 
and a generator t of the field k{X x Gm) over k{X) the closed g-forms Wm = ij A dlogt and = r] A dt 
are sections of the sheaf f^^^ closed '-'^^'^ "'^ ^ ®° their images in 2^ (^j^ closed) should be sections over X. 
As there are endomorphisms gmida of X x Grn\X such that Qmt = t^ and gat = 2t (so ^vw? = 2uj?), the 
images of cj? in 2^(f^|^;j, dosed) should be zero. The elements of type rj ® dlogt (resp., f] (8> dt) span the sheaf 

^iClosed ® (^esp., ^ 7^^, which is surjective over ^I^^^^^J. 

By [3 Lemma 6.3, p. 200], to show that kervrg = Mg it suffices to check that, for any algebraically closed 
extension F'\k in F and any t (£ F \ F' , any oj G ^/^''(f)!^ closed belongs in fact to closed 

By Lemma[321 w = ^ + EaeF' A (mod ^p,^f)ik,e.^,), where ^ G f^^,|fc_closed ^nd r/„ G f^P|l,ciosed' 

which means that oj G ^?^/|fc_closed + ^<}- ^ 
Conjecture 3.4. The sheaf V is semisimple. 

Remarks. 1. It follows from Proposition 13.31 that the natural morphism H'^^i^. ^ — > V is injective. 

2. As explained in Remark on p IlOl XV = for any semilinear smooth representation V: if u G l/'-'^l^ 
and f ^ F \s transcendental over L then v = fv — {f — l)v becomes zero in any quotient of V in Iq- 

3. For an algebra A G Siqg it is not always true that the kernel A° of the projection A — )• lA is an ideal. 
E.g., let ^4 = A, be the (graded) tensor, symmetric or skew-symmetric algebra of j4i = Q[F \ /c]. Then 
lAi = Q, so Al Ai + Ai Al consists of ah sums in Q[(F \k) x {F\ k)] of degree 0. On the other hand, 
I{Ai Al) = 0^eSpec{fc{pi)®feA;{pi)) Ck{x), and therefore, Al®Ai+Ai0 Al is strictly bigger than A"^. 

3.2. The semisimplicity of the regular forms of top degree. Let L be an algebraically closed extension 
of k with 1 < q = ti.deg{L\k) < oo. Define a representation ^eg union in of all spaces 

r(X, (7^1^) over all smooth proper varieties X over k with the function field embedded into L over k. 

The naive truncation filtration on ^jj^j^ gives the descending Hodge filtration F* on H^^^^j^iU). The Hodge 
filtrations on -f^^R/fc^^) induce a canonical filtration F* on ^^p;^^^ ^ by subsheaves of fc- vector spaces 

with associated graded quotients i^J''"^ : Y ^ coker[0^ i?P-i(Z?, J7^~^"^) — > HP{Y,n^P)], where D 
Y runs over all resolutions of the divisors on Y. In particular, H?,'^ = F'^ffj^ ,, =17?, :Yi-^ T(Y, Qi^,, ) 
is the dominant subsheaf of H_'^^^^ ^ consisting of regular differential q-forms. 



Proposition 3.5 ([4j). Suppose that the cardinality ofk is at most continuum. The representation H^^^^ ^(L) 
{and theref 
determines 



and therefore, 17^|^ ^^^) of Gj^^j^ is semisimple. Any embedding l : k ^ C into the field of complex numbers 



^^More generally, let uj G \ be a closed form for some i > 0. Then any ideal in Q',. closed containing the G-orbit 

of OJ contains [i^'^^^^^- Proof. By [8] Lemma 7.7], the semilinear representation 0^^. is irreducible for any j > 0. In particular, 
F-linear envelope of the G-orbit of oj is the direct sum of ^''p^^. over all j > i such that the homogeneous component of cu of 
degree j is non-zero. Then dz A au = d{z ■ aui) for all z G -F and all a G G span the direct sum of f^jfe exact '-'^^'^ j > * as 
above. □ 
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• a C-antilinear isomorphism ®k,L C = H^fj^^ ®k.L C, 

• a positive definite Gi\j^-equivariant hermitian form (C(8ifc,t-f^jj^^^ (8>jd,C,(7 (C^fc/^^J^j^^^ ^(-Z^)) — > 
C(x), where a is the complex conjugation and x is the modulus of Gi^^. 

There exists a non-canonical Q-linear isomorphism = H^fj^^- 

Proof. For any smooth projective A;-variety X the complexified projection FPH^^j^^X) — ?• //"^(X, 
identifies FPif^+J^(X)(g)fc,,CnF'?F^+J^,(-'^) ®k,i C with H^iX, 0^|^)(8)fc,tC. This gives a decomposition C®k,i 
^dR/A:,c(^) = ®s+t=q Then the complex conjugation on i/f+5(X,(C), C) = HP+\X,{C),R)®^C 

identifies Hi{X,n\^^) O^,, C with FP(X,(C), fi^^^^-,) = HP{X,^\^^) (g)fc,, C. 

The semisimplicity of the /^-representation H'^^^j^ ^(L) of is equivalent to the semisimplicity of its 

complexification. For the latter note that there is a positive definite G/,|fc-equivariant hermitian form 

(C ®k,i H^£ik) (S>id,c,a (C (E>k,i — ^ ^(^)' Siven by {uj,r]) = Jx.ic)^'^^^'^*^ ^ ^ ' [GL\k(X)\ for any 
a;,r? G i/;;*^(X,(C)) = J^^,,,) C C C 0^,, //Jt Here F^;*^(X,(C)) denotes the subspace 

orthogonal to the sum of all Gysin maps H^~^'^~^(D) — > ff'*'*(Xt(C)) for all desingularizations D of all 
divisors on Xt(C), as in the definition of j.gg, X runs over all smooth proper /c-varieties with the function 
field embedded into L\k. □ 

3.3. Structure of closed 1-forms. Let Div^ : Y DiVaig(y)(Q be the presheaf of algebraically trivial 
divisors. It is a sheaf. 

Lemma 3.6. The residue homomorphism Resy : H^p^^^{k(Y)) k ®Div{Y), uj (veSxUj) ^^yi , defines a 

morphism of sheaves Res : it^p^^f^ — )• /c (8) E)ivQ. The short sequence — )• ff^p^ /^, ^ IL^Yi/k ~^ -Di'^Q '^k^O 
is exact, even as a sequence of presheaves. 

Proof. As Res commutes with the restriction to any sufficiently general curve C, Resx {uj)-C = Resc(a;|c) € 
CHo{X), deg(Resx(w) • C) = by Cauchy theorem, the pairing NS(X)q (g) CHi{X)Q/hom — >■ Q is non- 
degenerate (by Lefschetz hyperplane section theorem), the class of Resx(i^) in NS(X)q is zero. Thus, Resx 
factors through the algebraically trivial divisors on X. 

Clearly, the kernel of Res coincides with ff^p^ /^, c' LSjS Then it remains to show that any algebraically 
trivial divisor on X is the residue of a closed 1-form. Any algebraically trivial divisor can be written as D1—D2 
for a pair Di,D2 of algebraically equivalent effective divisors on X. There is a smooth projective curve C, 
and an effective divisor D on X x C, such that pr^^^ : D ^ X is generically finite and Dp — Dq = Di — D2 
for some points P,Q^G. By Riemann-Roch theorem for curves, there exists a 1-form lop^q € ^ci^ ~^ Q) 
such that Resc(wp^Q) = P — Q: there is a non-liolomorphic 1-form with simple poles in the set {P,Q}, 
since dim^ T{C, ^lj{P + Q)) = dim^t r(C, Q,^) + 1; there are no 1-forms with precisely one simple pole, since 
r(C, nl,{P)) = r{C, nl,{Q)) = r(C, n}.). Then Resx(prx*((pr^^p,Q)|D)) = Di- D2. □ 

Proposition 3.7. • The maximal semisimple subsheaf 0/ closed ^■^ canonically isomorphic to the 

direct sum 0^ r(A, ^^^i^)"^'''^'' 'X'End(yl) 

runs over the set of 

isogeny classes of simple commutative algebraic k-groups; r(^,l^^l^)^(^) = Homfc(Lie(^),/c) denotes 
the space of translation invariant 1-forms on A. The projection dosed ~^ — |A; closed /^jfc reg split 
(but not canonically). 

• The maximal semisimple subsheaf of H\p^p„ is canonically isomorphic to <X'End(A) 

k ® Tif'" © M^Yi/k c where A runs over the set of isogeny classes of simple commutative algebraic 
k-groups (with the zero summand corresponding to Ga). The projection P[\p^/]. — ^^R/fc/— dR/fc c 
split (but not canonically). 



13if 

the residues of lj G H^^^i.{k{X)) are zero then integration along a loop depends only on its homology class in Hi{X,Q). 
There is an element y of H^j^^f.{X) with the same periods as uj, so integration of w — r; along a path joining a fixed (rational) 
point with the variable one is independent of a chosen path, and defines a meromorphic (i.e. rational) function. 
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• The sheaf V"^ : Y i— > H^^^j^{k{Y)) / k {k(Y)^ /k^) from Proposition \3. 'J\ is canonically isomorphic to 
'8'End(A) T^i> where A runs over the set of isogeny classes of simple abelian k-varieties. 
For any integer q > 1, the representation ^\^f. dosed '^f group Gi^\j^ admits similar description (cf. ^3.'/3jl . 

Proof. In notation of Lemma 13. 6| the sheaf Divq, admits a natural surjective morphism onto the Picard 
sheaf Pic^ = coker[?^f ™ ^ Div^ : Y ^ Pic°(y)Q with the irreducible kernel T-L^™^ . The Picard sheaf Pica 



is semisimple and it is described in Lemma ILII 

According to Lemma ll.lj for any simple abelian variety A over k, any non-zero element ^ of Pic'^(^)(fc)Q 
provides an embedding of into PicQ. Let us show that the natural extension — )■ 'H'p'" Divq, — )• 
PIcq — )■ does not split, even after restricting to H.^ via ^. 

All elements of PicQ(^) := Pic'^(A)Q are fixed by translations of A by torsion elements in A{k). However, 
as the torsion subgroup in A{k) is Zariski dense, it cannot fix a non-zero element of DivQ(^) := DiVaig(^)Q). 

This implies that 7^^™ is the maximal semisimple subsheaf of Divq,, which proves, by Lemma 13.61 the 
second assertion. It follows also that the simple subquotients of are isomorphic to T-L^ for simple abelian 
fe- varieties A. There are no extensions between H.^ and T-L^ for abelian A;- varieties A and i?, since Xq is a 
Serre subcategory of iSmc by Proposition 12.21 and Y i— A{k{Y))Q is a projective object of Xq by property 5 
of ^L2I and Proposition I2.1U1 This means that is semisimple, which proves the third assertion. 

Once we know the simple subquotients of the first assertion follows from Proposition 13.11 and 

LemmaO To see that the projections ilffc^,i„,ed ^ ^|fc,elosed /^|fc,reg ^nd M^^/k ^ ^dR/fc/^dR/fc,c are split, 
it is enough to notice that is semisimple, and therefore, the compositions rij*^ ^ closed ~^ and 
^R/fc,c ^ ^dR/fc ^ admit splittings. □ 

Given a subfield L in F, define the filtration Tvi^^ on the Gi^iL-modules W by Nf^W = Y.F' TV'^^l^', 
where F' runs over the subfields in F\L of transcendence degree j. (Clearly, N^^^'W = W^^\^ and n[^^ = 

Ni^'^ C N^^ ^ if L C L' C F.) In particular, define the level filtration on the G-modules by iV, := N^^K 
It is conjectured in [71 Conj.6.9] that the graded pieces of A'^, on the objects of 1^ are semisimple. 
If U is an open subgroup of G, contained between Gp^-j^ and the normalizer of Gp^-j^ in G then N^^^ is a 
filtration by f7-submodules. The forgetful functor iSm^ — >■ Smjj does not preserve the irreducibility (or the 
semisimplicity) . E.g., for any commutative simple algebraic fc-group A, the restriction to U of the irreducible 
G-module A{F)/A{k) is a non-split extension of the irreducible [/-module A{F)/A{L) by the U- (in fact, 
{U/U n Gp^p)- ) module A(L)/A{k). 

Questions. Let W € ^m^ be irreducible and W = NgW. Is it true that the representation W/N^^-^W of 
U is irreducible (or zero)? 

Clearly, A^^^^i^ = ^p^^ for any j > i, NjQ'p^f^ = for any j < i and NjU^p^j^ C ^^sed' 

Conjecture 3.8. Nj^l^p^^ = N.Q^p^^^^^^^^^ = n'p^^^^^^,,^. 

A "weak" version, ^j^'^p^f^ j-^g — ^Fifcreg' follows from Grothendieck's diagonal decomposition conjecture. 

The Conjecture obviously holds true for j = 0. The case j = 1 follows from (i) Proposition 13. 7| (ii) the 
fact (H Cor.3.8]) that F/k and F^/A;^ are acyclic, so ^^ii^^.i^sed ^ H^iGp^L, Hl^/k(P)/f^dlog{F'' /k"")), 
(in) Ni{A{F)/A{k)) = A{F)/A{k) for any commutative fc-group A. □ 
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